An asymptotic investigation of monochromatic electromagnetic fields in a layered periodic medium is carried out in the assumption that the wave frequency is close to the frequency of a stationary point of a dispersion surface. We find solutions of Maxwell equations by the method of two-scale asymptotic expansions. We establish that the principal order of the expansion of a solution dependent on three spatial coordinates is the sum of two differently polarized Floquet-Bloch solutions, each of which is multiplied by a slowly varying envelope function. We derive that the envelope functions satisfy a system of differential equations with constant coefficients. In new variables, it is reduced to a system of two independent equations, both of them are either hyperbolic or elliptic, depending on the type of the stationary point. The envelope functions are independent only in the planar case. Some consequences are discussed.
I. INTRODUCTION
The propagation of electromagnetic waves in media with periodic changes of dielectric permittivity and magnetic permeability, in the so-called photonic crystals, is a subject of many investigations (see, for example, 1 ). The popularity of such studies is caused, on the one hand, by unusual properties of such media, which are yet not completely known and which promise new applications. On the other hand, there is a technological progress in the creation of artificial structures with prescribed properties.
The problem of wave propagation in a quickly oscillating medium can be usually reduced to a problem of wave propagation in an effective homogeneous medium. The mathematic methods applied in finding the effective medium are methods of homogenization 2 , 3 , 4 ,
i.e., asymptotic methods in the long wavelength approximation: kb → ∞, where k is the wavenumber, b is the period of oscillations of the medium. One of the methods of the derivation of asymptotic formulas is the method of two-scale expansions. The solution is assumed to depend on fast and slow distance variables. It turns out that the principal term is a function of only a slow variable and satisfies homogenized equations, which may be interpreted as equations in an effective medium. Another approach is based on the spectral point of view: the field can be represented as a superposition of Floquet-Bloch solutions corresponding to the lower part of the spectrum.
A lot of physical works use the concept of effective medium. Peculiarities of a dispersive surface in an effective medium are responsible for unusual phenomena of wave propagation in such structures, which are often not observed in nature. For example, if one of the principal components of the effective electric or magnetic tensor has an opposite sign with respect to other two principal components, the dispersive surface in such a medium has a hyperbolic point. Such media are named hyperbolic ones and are studied intensively; see, for example, 5 .
Another example is a composite material consisting of layers of metals and dielectrics. The isofrequency dispersive surface for such a structure may have a plane part, i.e., one of the components of the wavevector may be almost independent of the other two. The waves may propagate without distortion in such a medium, see 6 .
The present work was motivated by papers of Longhi 7 , 8 , in which the possibilities of the existence of localized waves in 2D and 3D periodic structures were studied. The idea was to take the frequency of a monochromatic electromagnetic field equal to the frequency of the stationary point of the dispersive (band) surface in the periodic structure. The field in 2D and 3D photonic crystals was represented as a superposition of Wannier functions with an envelope, which satisfies the equation with constant coefficients. For hyperbolic (saddle) point the envelope satisfies the wave equation, where one of the spatial coordinates stands for time. By choosing for the envelope one of the known solutions of the wave equation with finite energy, see, for example, 9 , one may obtain localized waves in the periodic structure.
The papers 7 , 8 were mainly concentrated on physical aspects of the problem. We are more interested in careful mathematical analysis and obtain new results in the 3D case.
We noted in our paper 10 that the local hyperbolic behavior of a dispersive surface occurs even for the simplest dielectric layered periodic structures, for example, for a structure with alternating layers of dielectric. In this case we studied a field dependent only on two spatial coordinates in 10 and found and numerically confirmed the following physical phenomenon:
undistorted beams can propagate in such a structure and there are only two permitted directions of a beam in the medium, which differs by a sign from the angle with the normal to layers. A similar phenomenon was found before by numerical simulation in 2D crystals in 11 ; but it was not investigated analytically.
In the present paper, we study monochromatic electromagnetic fields with a frequency close to that of a stationary point of the dispersive surface, which may be a hyperbolic or an elliptic one. The field is studied in a layered structure with periodically varying dielectric permittivity and the magnetic permeability. We deal with fields dependent on all the three spatial coordinates. Our aim is to elaborate a mathematical asymptotic approach for the description of solutions of Maxwell equations.
The two-scale method in the homogenization theory is applied usually to equations written in divergent form. Our asymptotic scheme is applied to Maxwell equations in matrix form, which was first suggested in the book by Felsen In Section IV we discuss difficulties in studying electromagnetic fields dependent on three spatial variables caused by the fact that the stationary points are common for waves of both the TM and the TE polarizations, and that the concepts of TM and TE polarizations depend on the direction of propagation and at the stationary point itself they loose their meaning.
In Section V, we obtain some integral formulas for second derivatives of the dispersion functions, which are applied in the next section. In Section VI, we develop the two-scale expansions method for our problem. Apart from the period b in z direction we introduce the second scale of length, which is a scale of field variation in the (x, y) plane denoted by L.
We regard the ratio between b and L as a small parameter χ. We consider the entire formal asymptotic series and show that the recurrent system for subsequent approximations can be solved step by step. In Section VI, we found that the principal term of the two-scaled field is obtained as a sum of two differently polarized Floquet-Bloch solutions at the stationary point and each of these solutions has a slowly varying envelope function. The envelope functions satisfy a system of two partial differential equations with constant coefficients. In Section VII, we show that these equations are independent only if the envelopes depend on two spatial coordinates. A qualitative consequence of equations is that undistorted beams can propagate in the medium. In the general 3D case, each envelope function can be expressed in terms of two functions. These functions are solutions of two equations, which are of the Helmholtz type or the Klein-Gordon-Fock type for elliptic or hyperbolic stationary points, respectively. The fact that the wave field is described by a system of two equations was not predicted in the papers 7 , 8 . Our paper is concluded with two Appendices. Appendix 1 contains known results important for the present paper from the Floquet-Bloch theory, which are given in our notation. Appendix 2 contains proofs of two lemmas.
Our case may be regarded as homogenization near a stationary point of the dispersive surface in contrast to a more usual situation, where the frequency corresponds to the lower part of the spectrum and obtained in the assumption that kb → 0. Our case demands an assumption kb ∼ 1/ √ ε av µ av , where ε av , µ av are typical permittivity and permeability. The equations for envelopes are analogous to equations in an effective medium and can be used for a qualitative description of the wavefield.
II. STATEMENT OF THE PROBLEM
A monochromatic electromagnetic field satisfies the Maxwell equations rotE = ikµH,
where ε(z + b) = ε(z), µ(z + b) = µ(z); ε and µ are piecewise continuous.
The medium with alternating dielectric layers is a practically important special case.
We seek solutions under two assumptions. The first assumption is about the parameters of the problem. The Maxwell equations contain two parameters of length dimension: the wavelength λ = 2π/k and the period of the medium b. We introduce the third parameter of length dimension L, which is the scale of variation of the field in the (x, y) plane. We assume that the parameter χ ≡ b/L is small:
The second assumption is related to the frequency of the monochromatic field ω. To state this assumption, we need some concepts: the quasimomentum p, the dispersive surface ω = ω(p), and Floquet-Bloch solutions. We determine and discuss in detail all these concepts in Appendix 1. This assumption means that the frequency ω is close to that of the stationary point of the dispersive surface ω * :
where ω * satisfies the condition
We shall see that these stationary points are minima and saddle points. There is also an additional condition, which we shall introduce later.
III. MATRIX FORM OF MAXWELL EQUATIONS
We represent the Maxwell equations in matrix form for the sake of brevity and generality of subsequent asymptotic considerations:
where
and k/ √ ε av µ av = ω/c, where c is the speed of light in vacuum.
We introduce two types of inner products. Let v(z) and w(z) be 6-component complexvalued vector functions; then
where the bar over the symbol stands for complex conjugation. If v and w are periodic with period b and piecewise continuous, we define (v, w) as follows:
The Umov-Poynting vector, averaged over time, for a monochromatic field of frequency ω,
i.e., the energy flux density of this field, averaged over T = 2π/ω, is determined as
It is easy to check that
The density of electromagnetic energy, averaged over time, in the case of real ε and µ reads
We note that
IV. THE FLOQUET-BLOCH SOLUTIONS AND THE DISPERSION
RELATION
Since the properties of the medium do not depend on x, y, we shall seek particular solutions in the form
where the parameters p x and p y are lateral components of the wave vector. The components of the vector-valued function Φ(z; p) satisfy a system of ordinary differential equations with periodic coefficients:
We are going to obtain Floquet-Bloch solutions of this system. However there are difficulties owing to the vector nature of the problem. It is well known (see, for example, 12 ) that an appropriate choice of the coordinate system allows one to split the system (15) into two independent subsystems. These subsystems describe waves of two polarizations: the transverse electric wave and the transverse magnetic waves, which are named the TE and TM waves, respectively. We call the coordinates, in which such a splitting occurs, the natural ones.
A. Two types of Floquet-Bloch solutions in the natural coordinates
To determine the type of a solution, we should clarify, which component of the wave is transverse to the propagation plane, the electric or the magnetic one. The propagation plane passes through the lateral wave vector (p x , p y ) and the z axis. To find the TM and TE modes, it is convenient to rotate the axes in the (x, y) plane through an angle γ, so that in the new coordinates, p y = 0, p x ≡ p = p 2 x + p 2 y . We denote fields in the rotated coordinate system by a tilde. The waves of TE and TM types are as follows:
The system of equations (15) in such coordinates splits into two subsystems:
In the special case p = 0, the splitting into TM and TE waves has no meaning: both systems can be reduced to the following one:
where the vector-valued function Q H is a periodic and continuous function of the variable z. The function Q H does not depend on the argument p 2 * , because p 2 * = 0, and we are not going to use the second solution (26) for p = 0.
The solutions of the second subsystem (17) are expressed in the following way:
B. Floquet-Bloch solutions in an arbitrary coordinate system
We have found solutions E , H ⊥ and E ⊥ , H of the systems (17) . These solutions were found in the coordinate system rotated by an angle γ, which characterizes the direction of wave propagation. In the initial coordinate system, these solutions read:
The solutions (28) do not have a limit for p → 0 as a function of two variables p x , p y . This limit exists in any direction determined by γ and depends on the direction γ:
Here we take into account (19) and the definitions of Φ X and Φ Y from (21).
Below we will use the derivatives ∂Φ H /∂p j , ∂Φ E /∂p j , j = x, y, z, which are linear combinations of the derivatives of the functions E , H ⊥ and E ⊥ , H . These functions are analytic functions of the parameter p 2 , since the coefficients of the system (17) are analytic functions of p 2 . It is easy to obtain
This yields ∂E /∂p x | p =0 = 0. Similarly, we derive that the derivatives of H ⊥ , E ⊥ and H with respect to the variables p x and p y are zero for p = 0. Finally, we get
in the formulas (22) is expressed in terms of p on one of the sheets of the multisheeted function ω = ω f (p). We also take into account the fact that
The number of the sheet is omitted for brevity. The Floquet-Bloch solutions
is not defined.
The limit of the Floquet-Bloch amplitudes in the direction determined by γ follows from (29):
In particular, if
Next, we need to obtain the derivatives of the solutions ϕ H and ϕ E with respect to the parameters p x and p y at the point p = 0. Owing to (31) and(32) and the definition (33),
These derivatives do not depend on the direction γ. These functions are periodic in z, because ϕ H , ϕ E are periodic for all p.
V. SOME AUXILIARY RELATIONS
Our aim is to obtain relations for the derivatives of the dispersion functions by means of the Floquet-Bloch amplitudes. To do this, we give equations for these amplitudes and their derivatives with respect to the parameters p j , j = x, y, z.
A. Equations for the Floquet-Bloch amplitudes and their derivatives
We deal with six-component solutions of the Maxwell equations:
where Φ f is of the form (33). Here the superscript f stands for the type of the field: f = E corresponds to the TE polarization and f = H corresponds to the TM one. Inserting (39) into Maxwell equations, we rewrite them in the form
We note that the equations for both types differ only by the dispersion function ω f (p).
These equations are valid for any p, and thus we can take the derivatives of these equations with respect to p. By taking the derivatives with respect to parameters p j , j = x, y, we
The derivatives with respect to p z are discussed below at the end of the Section. Now we proceed with specifying formulas (42), (44) at the stationary points p * . Such points for each branch of the multisheeted dispersion functions ω f (p), f = E, H, differ only by p z * , and all of them have p * = 0. Solutions ϕ f (z; p) are not continuous as functions of two variables p x and p y near the point p x = p y = 0. However, for any fixed angle γ, they can be calculated by means of the passage to the limit, see (34). The derivatives at p = 0 do not depend on γ, see (37), (38). We indicate these derivatives at p = p * by the asterisk subscript. Upon substitution p = p * , the operator A is denoted as
and no more depends on the wave type TM or TE.
Let M be a class of six-component vector-valued functions of z, which are periodic with a period b, piecewise smooth on the period and their components with numbers 1, 2, 4, 5 are continuous; see details in Appendix 2. Lemma 1 (see Appendix 2) shows that the operator A * (p * ) is symmetric on the functions from M.
Finally, passing to the limit in (42), (44), in view of (35), (36) we obtain
Here we have introduced the notation
We note that the terms containing the derivative ∂ω f /∂p j vanish at the stationary point, since this derivative vanishes.
For the second derivatives of the Floquet-Bloch amplitudes, in view of (43), (44), and (35), (36) we derive
We emphasize that the directional limit of ϕ H and ϕ E at the point p * can be expressed by ϕ X * , as well as by ϕ Y * depending on the direction γ. Now we proceed to the calculation of the derivatives with respect to p z at the point p * ,
and
satisfy the same equation
By differentiating (54) with respect to p z and then by passing to the limit p z → p z * , we get
By taking the second derivatives of (54) and then by passing to the limit p z → p z * , we obtain
B. Derivatives of dispersion functions
Now we get integral relations containing derivatives of the Floquet-Bloch amplitudes and derivatives of dispersion functions. We take the inner product of (46), (47), and (55) with ϕ X * or ϕ Y * and, taking into account the fact that
by Lemma 1 (see Appendix 2) we find
Henceforth, we use the fact that ϕ f 2 and its derivatives with respect to parameters p j , j = x, y, z belong to M.
We are going to apply the same operations to formulas (49-52) and (56-57). We introduce the notation
where u f f has the meaning of the density of energy averaged over time (see Section III), and 
If
Y * , and P.
C. Additional relations
Multiplying equations (46), (47) and (55) by ϕ X * and ϕ Y * in such a way that on the left-hand side we obtain (ϕ X * , Pϕ Y * ), which vanishes, we find the following relations:
Now we mention some other useful relations with the derivatives of ϕ f . The derivatives of ϕ f with respect to p x and p y coincide; see (31) and (32). This fact yields
The same relations can be obtained by direct computations by (21), (7) not only at the point p * but at the point p = (0, 0, p z ) for any p z . The direct calculations with the help of (31), (32) and (7) show that
VI. THE TWO-SCALED ASYMPTOTIC DECOMPOSITION
We give an asymptotic representation of some special solutions of Maxwell equations in the entire space under several assumptions:
1. the vertical period b of the medium is small as compared with the horizontal scale of the field, and the relation between the scales is characterized by the small parameter χ, 2. the frequency ω is close to the frequency ω * of the stationary point p * of one of the sheets of the dispersion function ω = ω f (p), f = H, E, i.e., the frequency ω * is determined by the relations
We assume that
3. We assume that there is one bounded and one unbounded Floquet-Bloch solution of the periodic problem (18) at the point p * .
Our aim is to find the asymptotics of solutions of the Maxwell equations in the following form:
where χ ≪ 1. In the direction transverse to the layers, the field has two scales, one of them is determined by the slow variable ζ = χz, and the other is given by the variable z. In the plane of the layers in the directions x and y, the field depends only on the slow variables ξ = χx, η = χy.
We seek a solution in the form of a two-scaled asymptotic series
In the case under consideration, the stationary point is p x * = p y * = 0.
We assume that φ (n) ∈ M for every n as functions of z, see the definition after formula (45). Also these functions are infinitely differentiable with respect to slow variables.
The Maxwell equations in new variables read
Substituting the asymptotic series (72) in (74), we obtain a set of equations
Prior to solving the set of equations, we are going to find the relations between the parameters of the problem, which ensures that all nonzero terms on the right-hand side of (76) are of the same order. We assume that the variables E and H and the parameters ε and µ in formulas (1) are already normalized as follows
where ε av , µ av are typical dielectric permittivity and magnetic permeability, these param- 
This means that the case under consideration differs from the well-known case ωb/c → 0.
A. The principal order
The equation of principal order term is the equation for the Floquet-Bloch amplitudes at the stationary point p * . It does not contain the derivatives with respect to slow variables ρ = (ξ, η, ζ) and its coefficients do not depend on ρ. Its solutions may depend on ρ as on parameters. We seek the principal term in the form of
f = X, Y , and Φ f (z; p) for p = 0 are defined in (21) by means of the functions E 0 and H 0 , which satisfy a system (18) . The functions α 1 , α 2 are arbitrary scalar functions of slow variables ρ. Additional restrictions on these arbitrary functions will arise later.
B. First-order approximation
The equation for the first-order term φ (1) of the expansion has the form
In order to get the solution of the system belonging to the class M, we must impose additional conditions. 
The proof of the Lemma 2 is given in the Appendix 2.
Now we check the solvability conditions for the first-order approximation (82), i.e., we must check that
which are reduced to the following conditions
where, for example,
These conditions are satisfied at the stationary point owing to (59). Now let us find the exact formula for the solution φ (1) . The right-hand side of the equation (82) can be written as follows:
Taking into account (67), we replace the terms containing Γ 2 by the terms containing Γ 1 .
Collecting the resulting terms, we obtain
Now the right-hand side contains four terms. Instead of solving (82), we solve four independent vector equations with right-hand sides containing each of the terms and then take the sum of their solutions. We add also a solution of the homogeneous equation. The particular solutions of four equations coincide with solutions of (46), (47), and (55). We find the following solution:
where α
1,2 are new arbitrary functions of the slow variables ρ = (ξ, η, ζ). The subscript * stands to show that all the derivatives with the respect to p j , j = x, y, z are taken at p = p * .
C. The second-order approximation
Now let us consider the equation on the second-order approximation
The solution φ (1) depends on four unknown functions α j , j = 1, 2 and α
j , j = 1, 2. The solvability conditions of (91) yield equations for two of them:
For brevity, we introduce the notation
Let us calculate every term separately
Here we take into account that the coefficients of α
2 and α
1 vanish owing to (59). For example, the first term in the right-hand side of (95) reads
According to (62), the first term is proportional toω H 11 * . The second term vanishes owing to (31) and the last relation of (65), the third term vanishes by (68). Analogously,
According to (63), the second term is proportional toω E 22 * and two other terms vanish: the first one owing to (65), and the third one because of (68).
Now we proceed to the last two terms in (95). By (64)-(66), we obtain
We note that since u XY * = 0, we get, with account of (80) and (60),
Finally, the condition (92) yields
We omit here the nonzero common factor u XX * /2 = u Y Y * /2. Now we obtain the second equation by considering the condition (93). We use a similar line of argument. First, we take the relation that differs from (95) only by the first factor in inner products
Here, for example,
The second term here is proportional toω (99), we obtain
Again, by (65) and (66) 
(107)
D. Higher-order approximations
Now we turn to the set of equations (75-78). By considering several recurrent equations, we conclude that the approximation of nth order has the form
where G (n) is the linear combination of the derivatives of the functions α j ≡ α j , j = 1, 2, up to the first order:
To find the approximation φ (2) we consider the following inhomogeneous equations:
Each of these equations is a system of the form (75) with nonzero right-hand sides. It is necessary to check the solvability of these equations in the class M. To do this, we check the conditions imposed in Lemma 2. This means that the conditions (83) must be satisfied:
where F stands for each expression on the right-hand sides of the equations (110), (111).
By taking all the possible combinations of the form
we obtain 24 conditions, 18 of them are satisfied (which follows from (65), (66), (68)), and 6
are not satisfied (which follows from (62), (63) and (64)). Nonhomogeneous equations from the set (110), (111), for which the solvability conditions are satisfied, have solutions in the class M. The other equations also have solutions, which do not belong to the class M and are nonperiodic.
Next we take the sum of the equations for Υ
, with coefficients such that the sum of the right-hand side expressions coincides with
The solution of the obtained sum of equations belongs to the class M, because the conditions of solvability, which are reduced to (107), are satisfied. Thus, we get
In an analogous manner, we can derive that the term G (3) contains the first derivatives of α
1 and α
2 , the second derivatives of α
2 , and the third derivatives of α 1 and α 2 . The approximation φ (k) contains yet unknown functions α , and the derivatives of the kth order of α 1 and α 2 . The solvability conditions of φ (k+1) ,
provide equations for α . By analogy with the section VI C, we obtain a system of partial differential equations:
for k > 1 are linear combinations of derivatives of the already known functions α (l) j , j = 1, 2, l = 1, . . . , k − 2, with respect to the variables ξ, η, and ζ. This means that equations for approximations of all orders (75-78) can be solved step by step.
VII. SOLUTION OF THE EQUATIONS FOR α
We have obtained the equations (107) with constant coefficients, which describe the behavior of the envelopes of the field. Now we are going to discuss the methods of solving them. The simplest case arises if the field does not depend on one of the lateral coordinates, for example, on η. In this case, the equations for α 1 and α 2 are separated:
where the coefficients are defined in (61) and are the derivatives of the dispersion functions for TM and TE type waves, calculated at stationary points. Equations (118) can be elliptic or hyperbolic ones depending on the type of a stationary point. According to the Appendix 1, we haveω 
Solutions of (119) are determined by the integral
where ρ = (ξ, 0, ζ) and 
If δω > 0, only the components with large p ξ propagate. The equation (119) 
where F j and G j are some functions. If the function F j is localized for ζ = 0 near ξ = 0, it is localized for any ζ near the line ξ − σζ = 0 and propagates undistorted. This means that in the medium under consideration there is the possibility of existence of non-distorting beams, all of them having the the same angle with z axis equal to
We have discussed and studied this effect numerically in 10 .
Now we proceed to the general case, where the field depends on both lateral coordinates ξ, η. We obtained equations (101) and (106) 
These equations are either hyperbolic or elliptic ones depending on the sign ofω 0 33 * . Their solutions obtained by the Fourier transform read τ j (ρ) = 1 (2π) 2 R 2 dp ξ dp η e ip ξ ξ+ipηη τ
and τ propagate. Now we are going to derive the equations for the original functions α 1 , α 2 . We take the derivatives of two relations (94) with respect to η and ξ, respectively, and take their sum and difference. We obtain
By the Fourier integral we get the following expressions for the functions α 1 , α 2 :
We also require the functions τ j p ξ /(p The expressions for α 1 , α 2 can also be rewritten in the polar coordinate system (p ρ , γ) as
We express also the principal approximation of the asymptotic solutions in terms of TM and TE solutions at the stationary point determined by the passage to the limit in every direction (29). Substituting solution of (107) given by (132) in formula (80), we obtain the
where Φ H * (z) and Φ E * (z) depend on the direction of propagation according to (29).
VIII. CONCLUSIONS
We have elaborated a formal asymptotic approach for monochromatic electromagnetic fields in a layered periodic structure. The frequency of the field is close to that of a stationary point p * of one of the sheets of the dispersive surface ω = ω f (p). Here f stands for the type of the polarization, which may be H for TM-or E for TE-polarization. The dispersive surfaces for waves of different polarizations are distinct, but the stationary points of them coincide. For the conditions listed in Section VI, we found asymptotic series for the solutions of Maxwell equations (5) 
where p * = (0, 0, p z * ), p z * = 0, ±π/b. The functions Φ f (z, p) are Floquet-Bloch solutions of the system (15) . For p = p * , they are expressed in terms of (E 0 , H 0 ) (see, (21)), which are Floquet-Bloch solutions of the system (18) with the quasimomentum p z * .
The envelope functions α j , j = 1, 2, are defined by the equations with constant coefficients (107). These coefficients are the second derivatives of the dispersion functions, i.e., the coefficients of the Tailor expansion of ω = ω f (p) near the stationary points p * = (0, 0, p z * ) The system (107) can be split by introducing new functions τ j , j = 1, 2, by means of (94).
As was obtained in Section VII, the functions τ 1 and τ 2 satisfy the equations (126). The coefficients α j , j = 1, 2, are expressed in terms of both τ j , j = 1, 2, in (132). The system can be split into two separated equations only if the field does not depend on one of the spatial coordinates. Such analysis was absent in the papers of Longhi 7 ,
8 .
An interesting particular case arises ifω 0 33 * < 0. Then the equations for τ 1 and τ 2 are hyperbolic of the Klein-Gordon-Fock type. The coordinate ζ stands for time. If additionally δω = 0, there are wave equations. The effects that arise if the field depends only on one lateral coordinate were studied both analytically and numerically in our paper 10 .
The investigation of qualitative consequences of the obtained results in the case of two lateral coordinates are out of scope of the present paper and will be discussed in the next publications. We expect that, by choosing the localized solutions of envelopes, we can construct beam-like solutions of the Maxwell equations. The obtained formulas enable us also to find a change of polarization of the field in passing through the layered periodic structure.
The results may be generalized to another equations, which can be written in matrix form (5).
APPENDIX 1
The dispersion relation
To make the paper self-contained, we obtain the dispersion relation and find stationary points of the dispersive surfaces. To do this, we consider the Floquet-Bloch solutions of the first subsystems (17) :
where U 1 , U 2 are the periodic functions of z with period b.
We accomplish the first of subsystems (17) with the initial data E = 1, H ⊥ = 0 and denote the solution of such a Cauchy problem by e 1 , h 1 . We introduce another solution e 2 , h 2 , which satisfies (17) and the initial data E = 0, H ⊥ = 1. Both solutions are smooth in the intervals, where ε, µ are continuous, and continuous at the points of discontinuity of the parameters ε, µ, but, generally speaking, they are not periodic. These solutions depend on p 2 , ω, because the coefficients of (17) depend on these parameters. These solutions are linear independent and form a basis in the space of the solutions of the first subsystem of (17) . We introduce the matrix M of the solutions (e 1 , h 1 ) t and (e 2 , h 2 ) t as follows:
The matrix M(b; p 2 , ω) is then a monodromy matrix:
We seek the Floquet-Bloch solutions in the following form:
where (β 1 , β 2 ) t is the eigenvector corresponding to the eigenvalue λ of the problem:
here I is the identity matrix. The equation for λ is expressed in terms of the determinant and the trace of the matrix M. The determinant of the matrix M(b; p 2 , ω) is the Wronskian of the solutions (e 1 , h 1 ) t and (e 2 , h 2 ) t of the system (17) at z = b. It is constant by the Ostrogradskiy-Liuville theorem and, thus, can be calculated for any z. For z = 0 it is equal to 1, so det M(b; p 2 , ω) = 1 and λ satisfies the quadratic equation
In order to obtain the Floquet-Bloch solutions, we require |λ| = 1 and we may assume λ 1 = e ipzb , where p z is real-valued. Then λ 2 = e −ipzb and
This equation establishes the relation between p z , p 2 and ω, so we consider below only two of these three variables as free parameters. We denote 
If |F | = 1 and ∂F /∂ω = 0, two intervals of monotone behavior of F touch each other at this point. Further, we assume that ∂F /∂ω = 0. This follows from the assumption that the system has one bounded and one unbounded solutions on the boundary of the interval of the monotone behavior of F ; see, for example, 18 .
Analogous considerations for the second subsystem of (17) yield the dispersion relation ω = ω E j (p) for the wave of the TE polarization. In other words, the problem under consideration can be treated as a spectral problem for the operator 
This fact follows from the definition of the operator A * . Since P is a real-valued matrix and v, w ∈ M, we derive by integration by parts that
where < ., . > is a scalar product dependent on z; see (8) . By the definition of Γ 3 , see (7), we take the beginning of the period at another point.
